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Abstract

The central notion in computability theory is Turing reducibility. We say that function f : N → N
Turing reduces to another function g : N → N if there is a computer program that computes the
function f when given access to the function g as a black box. This means that f is computable
relative to g: if g were computable, then f would be computable too. The functions on the natural
numbers organized by Turing reducibility gives rise to a structure called the Turing degrees.

The Medvedev degrees and the Muchnik degrees are higher-order analogues of the Turing degrees
that were developed to give precise mathematical meaning to Andrey Kolmogorov’s informal idea
for a calculus of problems and a logic of problem solving. Instead of thinking of one function f
reducing to another function g, we think of a class of functions A ⊆ NN reducing to another class of
functions B ⊆ NN. Here, A reducing to B means that every function g in B can be used to compute
some function f in A, either uniformly (i.e., always by the same program) in the Medvedev case
or non-uniformly in the Muchnik case. The intuition is that a class A ⊆ NN represents an abstract
mathematical problem, namely the problem of finding a member of A. With this intuition, we then
interpret A reduces to B as meaning that problem B is at least as hard as problem A. If we could
produce solutions to B, then we could use those solutions to compute solutions to A.

In this presentation, we introduce the Medvedev and Muchnik degrees and study their basic
properties. We then consider the Medvedev and Muchnik degrees as semantics for propositional
logic and show how to interpret propositional formulas in these structures. For further reading, we
recommend starting with surveys [1–3].
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